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Abstract The issue of power plays a relevant role in evaluating the represenidivef a
Parliament. In this paper a new governability index is introduced, takingraigm from the
propensity to disruption and referring to the power of the parties.
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1. Introduction

An electoral system, or voting system, may be viewed as a amsm for transform-
ing the preferences of a population into a Parliament. ltesponds to the set of rules
governing the various steps of the election, from how thengoexpress their prefe-
rences on the parties till how the seats are assigned to ttiegdt is natural to pose
the question of which system is preferable, but the compl@fithe problem and the
number of different parameters that may influence the detisiay make very hard to
give an answer that is suitable for all the possible realldvsituations.
Let us consider the following classical example.

Example 1. Three parties A, B, C have the following distribution of vate

A B C
49% 49% 2%

The perfect proportional system (PP) alloc{eseats as:

A B C
4K 4K 2K
100 100 100

WhenK is not a multiple of 100, it is necessary to round the resulp®sing that
the Parliament is made up by 6 seats the ratios in the pretablesare 2.94, 2.94, 0.12,
respectively, so the following assignments, each cormedipg to a different voting
system, seem reasonable for representing voters’ prefesdiable 1).
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Table 1. Seats assignments

A B C
hh, 3 3 0
hh 3 2 1
hy 2 3 1

Note that in all the three systents,, h, andhs, at least one pair of parties does
not generate a majority, while according to the votes distion all pairs represent a
possible majority.

This simple example shows that it is difficult to take into @aat all the elements
that may influence the quality of an electoral system. In flaiper we deal with the
role of power, in order to improve the correct evaluation @béng system. In other
words, we want to evaluate an electoral system more on the dfdhe power assigned
to the parties than of the number of seats they receive. Theepd of power may be
defined and measured in different ways. Here, we refer mainthie influence of a
party in forming a majority, e.g. the consequence of its kighan favor or against the
approval of a law, and measure it using game theoreticat@sddf power.

The structure of the paper is as follows: In the next sectierr@call some basic
definitions of game theory; Section 3 presents two of the haogely accepted param-
eters for evaluating a Parliament, namely the represeatass and the governability;
Section 4 is devoted to the introduction of two new indiceseokon the power assigned
to the parties; finally, some remarks conclude.

2. Some recalls of game theory

A cooperative game with transferable utilir TU-game, is a paifN,v), where
N = {1,2,...,n} denotes the finite set gflayersandv: 2N — R is the characteris-
tic function with v(0) = 0. v(S) is theworth of coalitionSC N, i.e. what players i1
may obtain standing alone.

A game issimplewhenv : 2V — {0,1}, monotonicityholds, i.e.SC T = v(S) <
v(T), andv(N) = 1. If v(S) = 0 thenSis alosingcoalition, while ifv(S) = 1 thenSis
awinningcoalition.

Given a simple gama,c N is avetoplayer if v(S) = 0, for eachSC N\ {i}, i.e.
all coalitions not including playerare losing.

A particular class of simple games are tlieighted majority gamesThe play-
ers are associated to a weight veatoe (wq,Wo, ..., Wy) that leads to the following
definition of the characteristic function of the correspioigdveighted majority game
(N, w):

_J 1 Fieswi>q
w(S) = { 0 otherwise ’

whereq is thequota Usually we ask thay > 1/2 5y Wi, so that ifSis winningN\ S
is losing.
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An allocationis an-dimensional vectofx; )icn € RN assigning to playerre N the
amountx;; an allocation(x)icn is efficientif X(N) = TjenX = V(N). A solutionis
a functiony that assigns an allocatiafi(v) to every TU-game belonging to a given
class of game¥ with player seiN.

Two classical solutions for TU-games are the Shapley valmdley 1953) and
the Owen value (Owen 1977). The Shapley value assigns to@agér his average
marginal contribution over all the possible permutatiofithe players:

@) = 5 3 MP(mI) U {ih) WP

wherert is a permutation of the players aR{dri) is the set of players that precede
playeri in the permutatiort. The Shapley value may be rewritten as:

av— v 2D ysugiy - v,

sy ™

wheren = |[N| ands = |S. (|S| denotes the cardinality, i.e. the number of elements, of
asetS)

For a simple game the Shapley value is referred to as the 8h&plubik index
(Shapley and Shubik 1954).

The Owen value is a coalitional version of the Shapley valeethe players are
supposed to be structured accordingtpriori unions i.e. the player sel is parti-
tioned aK = {Ty,..., Ty}, With TiNnT; = 0,i # j andUi—, _« Ti = N. The Owen value
can be written as:

QK= 5 > h!(k_h_llz,!ts_!,(tj —s— 1) VHUSU{i}) —v(HUS)],
HCK SCT, e
Ti¢H i¢S

whereh = |H|, k= [K| andt; = [T;j|.

3. How to evaluate a parliament?

According to the current literature, the choice of the “bestrliament may be affected
by a lot of facets of the political process, but two of them n@yconsidered more
relevant than the othersepresentativenegbat depends on the efficiency of the system
in representing electors’ preferences godernabilitythat measures the effect on the
efficiency of the resulting government. The resulting goweent depends also on
the choices of the parties, but nevertheless we may fix a culéofming a majority
and we may apply this rule to all the possible parliamente@ated to several voting
systems; we refer to Rusinowska et al. (2004) for an anabyfsigossible majority
formation rules. We address the reader to Fragnelli et @DFpfor a list of possible
parameters for evaluating a parliament and related refeserRepresentativeness and
governability can be measured by two indiceandg respectively, normalized in the
interval [0, 1], that can be defined in several ways.
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As pointed out in Fragnelli et al. (2005), when we restri& #malysis to a single
election the comparison among several electoral systeing tle two parametens
andg, we may have the following situations:

(i) A system may have worse values for both indices w.r.ttlagosystem, i.e. the
first system islominateg consequently it may be excluded.

(ii) A system may have better values for both indices w.ithe other systems, i.e.
the first system islominanf consequently it is the best system.

(iif) A system may be neither dominated or dominant, i.e.rifiadex has a better
value the other index has a worse value w.r.t. another systensequently all
these systems aRareto optimal

Of course, not always a dominant system exists, so that thieelamong the Pareto
optimal systems requires other tools, that are beyond tinechithis paper, and for
which we refer to Fragnelli et al. (2005).

The measure of the representativeness of a voting systenbenagtained on the
basis of the distribution of votes and of seats. In Fragrelial. (2005), the repre-
sentativeness is measured on the basis of the differenaedethe votes casted in a
nation-wide proportional district and the seats assigngalgiven electoral system h

ZieN ‘§_§P|
ZieN ‘SJ_§P|’

whereN is the set of partie§h is the number of seats of paityith systemh, % is
the number of seats of partywith the perfect proportional system afglis equal to
the total number of seats for the relative majority partyemslysterh, i.e. applying
the optionthe winner takes afland is equal to O otherwise.

Computing this index for the three systems h, andhg in Example 1, we obtain
0.961, 0.693 and 0.693, respectively.

Again, in Fragnelli et al. (2005) the governability is repeated by the following
index:

I’h:].f

1 1 fhf%
= + s
m+1 my(m+1) 3

wheremy, is the number of parties of the governing coalition undetesyd that may
destroy the majority if they withdrawfy, is the number of seats of the majority under
systemh andT is the total number of seats in the Parliament.

Supposing that the governing coalition corresponds to timémal winning coali-
tion that includes the relative majority party, we may comepthis index for the three
systemsh;, hy andhz in Example 1, obtaining 0.500 fdm, and 0.444 forh, and
hs when the majority is formed by parties A and B or 0.389 if thgarity includes
party C.

Now we introduce another systetm,, that assigns 2 seats to each party; for this
system the representativeness index is 0.386 (supposahgitider syster all seats
go to party A or B) or 0.680 (supposing that under systeati seats go to party C) and

Oh
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the governability index is 0.389. So, we may conclude thatstystenh; is “the best”
as it dominates the other three systems.

Computing the weighted majority games associated to thehiison of votesy,
using the percentages as weights and to the distributiomat$ siccording to the voting
systemdny, hy, hz andhg, with the number of seats in the role of weights and using the
simple quotay = 1/2 ;.\ W;, we obtain values in Table 2:

Table 2. Weighted majority games (see Example 1)

\oting system Coalitions

A B C AB AC BC ABC
\% 0 0 0 1 1 1 1
hy 0 0 0 1 0 0 1
hy 0 0 0 1 1 0 1
hs 0 0 0 1 0 1 1
hs 0 0 0 1 1 1 1

It is easy to check that the games associated to sydtgms andhz have at least
one veto player, while the one associated to systghas no veto players, as the game
associated te.

4. The role of power

In this section we switch our attention to the power of thetiparand look for the
relationship among the power they have according to theildigsion of votes and ac-
cording to the distribution of seat. We use as power meaduhe @arties the Shapley-
Shubik index of the weighted majority game associated talisteibution of votes and
to the distributions of seats.

We want to remark that other indices could be used but the &ithi® paper is
methodological, i.e. it proposes to use the power of theiggm the evaluation of a
Parliament, more than technical, i.e. computing the “rigditie” of a Parliament. We
just mention as possible indices those by Banzhaf (1965gB&® and Packel (1978),
and Holler (1982). The motivation behind the choice of thef@&y-Shubik index is
that for this index there exists the coalitional versionjakitwill enable us to emphasize
the role of the majority coalition (see Subsection 4.2).

4.1 Power and representativeness

We proposes a representativeness index based on powéngstaom the idea of

measuring the distance of the distribution of power on theev@and on the seats,
i.e. Yien @ — ¢, This distance is zero when the power of each party is identic
in the two distributions. Consequently, a possible repreegveness index is given by

1-Sien o — 4.
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Remark 1. The representativeness is maximal, i.e. equal to 1, whepdtver of each
party is identical in the two distributions. A particular sa happens when the per-
centages of votes coincide with the percentages of segtsnahe pure proportional
system, according to standard literature.

It is possible that the index assumes a negative value, ag ifollowing example.

Example 2. Consider a relative majority system with two parties A andr8 ¢hree
districts Dy, D, and Ds, each one electing a single member. The results of the efexcti
and the assignment of the seats are in Table 3:

Table 3. A simple voting system

Parties 2] Dy D3 % of votes # of seats

A 16 6 8 60 1
B 2 8 10 40 2

The weighted majority game on vote#/, and on seatsy", arew’(A) = 1,w"(B) =
0,W'(AB) = 1 andw"(A) = 0,w"(B) = 1, w"(AB) = 1, respectively. In this casg’ =
(1,0) and@" = (0,1), so the index is -2 = —1.

To avoid this situation we can normalize the index in therwdk[0,1], simply
dividing Yicn |6’ — @] by 2, as in the worst case the two distributions of power may
assign complementary valué$o, we have:

Qg 2ieN @' — &
2

Example 3. Referring to Example 1 we have:

Table 4. The new representativeness index (see Example 1)

\oting system Y, h hy hs hg
111 11, 411 141 111
¢ 3’3’3 2'2’ 6’66 6’66 3’3’3
2 2 2
Q _ = = =
' 3 3 3 !

So, the systenh, that had the worst representativeness according to théopgev
index obtains the maximal performance, with the same povgtriilzltion of the votes.

1 Two vectors are complementary when each non-zero componereittar corresponds to a zero compo-
nent in the other vector.
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This is not the first case in which power is used for evaluategresentativeness.
Gambarelli and Biella (1992) propose to measure the distafidwo distributions
referring to the percentages of distribution of voterso the assignment of seats ac-
cording to an electoral systems”, and to the power of the parties related to the votes
and to the seatg}” and¢" respectively. The resulting distanaés:

A= rir;%x{lvi —9, \¢i"—¢ih|}

Referring to the Shapley value as power index we getAhat0.313 forhy andA =
0.333 for the other systems.—1A can be used as a representativeness index that gives
the value 0687 forh, and 0667 for the other systems.

4.2 Power and governability

Our motivation for this subsection arises from the follogvouestion: Why not to use
power indices also for governability?

We were inspired by the propensity to disrupt (see Gatelyd),%hat measures
how much a proposed allocatiaris satisfactory for player. Suppose that the grand
coalitionN forms and the players agree on an allocaken(xi, Xz, . .., Xn); if playeri €
N recedes fronN, he receives(i) instead ofx; and the other players receive globally
V(N\ {i}) instead ofx(N\ {i}). The larger is — v(i) the less is the propensity to
disrupt for playeri and the larger ix(N\ {i}) —v(N\ {i}) the less the other players
accept that playarrecedes. Gately defined theopensity to disrupas the ratio[x(N \

{i1) = vIN\{iH)] /b = v(i)].

Remark 2. Note thatyics(x —Vv(i)) and (x(S\ {i}) — v(S\ {i})) may be used as
indices of the stability of a parliamentary coalitioncSN.

WhenSrepresents a majority coalition, it is possible to emplea#i&power using
the Owen valueQ, instead of the Shapley-Shubik index, that assigns nullgpdw
each player not in the majority.

We propose to take into account the quantity

Qi(9)—Qi(S\{i}), €S

whereQ(S) is the Owen value when the coalition structieconsiders the coalitio
and all the other players as singletons,Ke= {S {i1},...,{in-s}} andKg, s} = {S\
{i}, {i},{i1},....{in-s}}, wheres=|S. If we consider the difference of power of party
i when itis in a majority coalitiotsand when it leaves the majori€y; (S) — Q; (S\ {i}),
we have a measure of the propensity of pattyleave the majority. Consequently, the
higher is the propensity of the parties to stay in the majpttite higher is the stability
of the majority.

Summing up on all the players i we get the following governability index
Yies[Qi(9) = Qi(S\{i})] =1- 3icsQi(S\{i}), where we used that 8is a majority
thenyicsQi(S) =1.
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Remark 3. According to the standard literature, the governabilityiaximal, i.e. equal
to 1, when S is such that each subcoalitiolh {3} is winning, i.e. the majority is
not affected whichever party leaves it. Note that in thisecs each party ie S,

Qi(S\{i}) =0.
Again, it is possible that the index assumes a negative vakim Example 4.

Example 4. Consider a weighted majority ganil, w) in which the unique winning
coalition is the grand coalition. In this casg(N) = 1/n, i € N; if party k leaves
the majority its power becomeBy (N \ {k}) = 1/2 and the power of the other— 1
parties become®; (N \ {k}) = 1/2(n—1). So, the index is & SicnQi(N\{i}) =
1-Sicn1/2 that is negative when> 3.

To avoid this situation we can normalize the index in therivde[0, 1], simply
dividing $ien Qi(N\ {i}) by n, as 0< Q;(N\ {i} < 1 for eachi € N. Hence:

o, ZiesQ(S\{iD

g n

Example 5. Referring to Example 1 we have the following valtg%: O.667,g§32 =
O, =0.722,g7 =0.778. Again, the systeim, that had the worst governability accord-

ing to the previous index obtains the best value and takittgocount both indices?
andg® the systeniy results to be dominant.

The following example taken from Fragnelli et. al (2005) $=d for a comparison
of the indices based on power with the indices used in Fréigrteal (2005), referring
to a situation that is more realistic than the one consideréue previous examples.

Table 5. Seats assignment after simulation of different voting systems

Votingsysted P; P, P3 Py Ps Ps Py Pg Py Pig Pip P
PP(=Vv) 18 22 5 4 0 5 0 1 0 17 28 O
P-4 19 22 5 4 0 5 0 0 0 17 28 0
P(20) 14 16 3 3 0 3 0 1 0 12 48 O
M 14 36 O 0 0 0 0 0 0 0 50 0
2R 14 36 0 0 0 0 0 0 0 0 50 0
C 14 36 O 0 0 0 0 0 0 4 46 0
B 9 44 0 0 0 0 0 0 0 15 32 0
A 18 37 0 0 0 0 0 0 0 18 27 0
| —25 15 33 1 1 0 1 0 0 0 4 45 0

| -75 17 25 4 3 0 4 O 1 0 13 33 0O
PP Pure proportionality M  Relative majority B Borda count
P—n Threshold proportionality R  Two-round runoff A Approval voting
P(n)  Prized proportionality C Condorcet method | —n  Mixed-member

2 For a description of the voting systems we refer to Fragnedi@rtona (2006).
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Example 6. Consider an electoral situation that involves 12 partigBR. .. P12, or-
dered on a left-right axis. Using the simulation program Al HEeveloped at De-
partment POLIS of University of Eastern Piedmont (see Bigteal. 2004), we may
compare the resulting Parliament according to ten diffeveting systems, obtaining
Table 5, where the bold numbers identify the parties forntivegmajority in each sys-
tem, corresponding to the minimal winning coalition indhugl the relative majority
party and the closest parties according to the left-righedng.

We supposed a unique 100-seat constituency for the purempiamal and thres-
hold proportional systems, a unique (10@)-seat constituency for the prized propor-
tional system, &-seat plus 108- n one-seat constituencies for the mixed-member sys-
tem and 100 one-seat constituencies for all the other sgst@omputing the indices
we obtain values in Table 6:

Table 6. Comparison of old and new representativeness and governability sndaferring to
the distribution of seats in Table 5

\oting system  r g rQ g°

PP 1.000 0.201 1.000 0.944
P-4 0.986 0.204 0.958 0.932
P(20) 0.722 0367 0.621 0.937
M 0.500 0.453 0.676 0.931
2R 0.500 0.453 0.676 0.931
C 0.556 0.257 0.801 0.931
B 0.667 0.343 0.651 0.944
A 0.795 0.350 0.651 0.944
| —25 0.611 0.201 0.879 0.936
| —75 0.889 0.201 0915 0.944

We may refer to a graphical representation for the two pdiisdices (using dif-
ferent scales for the governability), see Figure 1.

fos 0.95
9 M /2R P(20) g° P(2|8)7A | :ZZSBP
g A J-
Iélzs |7';:>5:|5A|13 ‘0'92 W e
\
0 r 0, [

Figure 1. Comparison of the electoral systems in Table 5 using old and new repatgeness
and governability indices
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In this case the indices and g produce six Pareto optimal systems, namdly?2R,
P(20), A, P— 4 andPP while the indices® andg® identify PP as a dominant system.

5. Concluding remarks and further research

In this paper we introduced two new indices for represergatiss and governability,
both inspired by the idea of taking into account the issueowfgr distribution on the
parties of a Parliament. The main feature of this approathasthe relevance of a
party is related not directly to the number of seats assigmédy the voting system,
but to the power originating by the distribution of seats.fdReéng again to the ex-
ample in the Introduction, we want to stress that the systgis apparently the less
representative but on the other hand is the one that betteefigut the effectiveness
of parties in forming a majority. Referring to the goverrpindex g®, it is possible
to follow different hypotheses on the behavior of the parti€or instance, we may
suppose a different coalition structure in which there as¢ fwoa priori unions one
including the parties in the majority and the other one tmeaiaing parties; after that
a party leaves the majority it joins to the other union. Tkiads to a different govern-
ability indexg®?" = 1—5;.sQi(S\ {i},(N\S)u{i})/n. This index may be suitable
for bipolar situations in which two large parties attra@ temaining small parties, that
have to decide which of the two large parties join with. Fartimdices may be defined
according to other possible choices of the parties in fognaimalitions.

Possible developments of the ideas in this paper are toveandsv index that bet-
ter reflects the idea of Gately, taking into account more ieitlyl the variations of
“payoff” both of each party and of the remaining ones. Thigpposes at least two
challenges: firstly, the difference at denominatpr; v(i), is often zero so, according
to Gately (1974) the propensity to disrupt goes toand secondly, in a weighted ma-
jority game it is frequent that(i) is equal to 0 an@(N \ {i}) is equal to 1, so, taking
into account thak(N\ {i}) = 1—x(i), the propensity index is equal tel for all the
parties, so its utility is limited. Consequently, it is nesary to carefully evaluate how
to apply it.

A second possible research field is to analyze the dispeirsitax by Gini (1914)
referred to the power as a possible representativeness inde

A third possibility is offered by an axiomatic charactetipa of the different in-
dices. This could help in better understanding the undeglfeatures of each index.

Finally, the comparison of different voting systems usihg governability index
requires fixing a mechanism for the formation of a majorityfdct the governability
of a Parliament depends on several aspects, some of thaedridethe voting system,
e.g. the number of parties forming the majority, and somerstindependent from it,
e.g. the behavior of the members of the Parliament. In thiméwork, the simulative
approach could provide useful data, comparing the behafidhe various indices
using different voting systems and majority formation meges (see Carlsson et al.
1992; Eklund et al. 2008; and Rusinowska et al. 2004).
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